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1. Introduction
Let X and Y be permutation groups acting on the sets Γ and ∆, respectively. The
permutational wreath product Xwr∆ Y may be constructed in the following manner. Let
K be the direct product of copies Xδ of X indexed by ∆:
K =
∏
δ∈∆
Xδ.
Let Y act on K by permuting the direct factors in the same manner as it permutes the points
of ∆:
X
y
δ =Xδy for all δ ∈∆ and y ∈ Y.
ThenXwr∆ Y is the semidirect product ofK by Y via this action. We callK the base group
of the wreath product. There is a natural action ofXwr∆ Y on the Cartesian productΓ ×∆.
For full details on the construction of the wreath product, see Section 1.6 of Robinson [11].
Our goal in this paper is to classify the maximal subgroups of the wreath product which
complement the base group. This work was originally motivated by the possibility of
obtaining a simultaneous extension of the second author’s work on probabilistic generation
of iterated wreath products of non-abelian simple groups (see [9]) and Bhattacharjee’s [4]
result concerning probabilistic generation of iterated wreath products of alternating groups.
This extension obtained by applying our work will appear in [10]. Bhattacharjee considers
the sequence of groups defined as follows. Let m1,m2, . . . be a sequence of positive
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degree m1 acting naturally on Ω1 = {1,2, . . . ,m1}. For r  2, recursively define
Wr = Alt(mr)wrΩr−1 Wr−1
acting on Ωr = {1,2, . . . ,mr } × Ωr−1. Bhattacharjee establishes a bound for the
probability of generating Wr by two randomly chosen elements. On her way to achieving
this, she needs to obtain a bound for the number of conjugacy classes of maximal subgroups
of each wreath product Wr which complement the base group (see [4, Subsection 3.3]).
She observes that this “appears to be a very difficult problem” and instead derives an
upper bound for the number of conjugacy classes of complements. As a consequence of
our work, we have succeeded in calculating the precise number of conjugacy classes of
maximal subgroups of wreath products which complement the base groups. Specifically,
Proposition 5.1 is used to show the number of conjugacy classes of maximal subgroups
which complement the base group in Wr equals the number of such conjugacy classes in
Alt(mr)wrAlt(mr−1), so actually only the integers mr−1 and mr determine this number.
Furthermore, we have also improved the bounds for the number of conjugacy classes of
complements to the base group without resorting to the subtle and ingenious technicalities
that Bhattacharjee does. (In the case of [9], it should be pointed out that since the wreath
products involved are constructed using regular permutation actions, there can be no
maximal subgroups complementing the base group. This is easy to establish, but also
clearly follows from our main theorem.)
Given a homomorphism φ :Yω → X from the stabilizer of a point ω ∈ Ω under the
action of Y to the group X and given a transversal T to Yω in Y , we shall describe
in Section 2 a method to construct an “induced” homomorphism Φ :Y → W , where
W = XwrΩ Y is the wreath product. It will follow immediately that the image of Φ is
a complement to the base group in W . Furthermore, we shall show that every complement
to the base group W is conjugate to the image of Φ induced from some choice of
homomorphism φ and transversal T . Theorem 2.6 summarizes the results of Section 2.
This could be referred to as the “non-abelian version” of Shapiro’s Lemma.
For the rest of the paper we examine what properties of the homomorphisms are required
to make the complements maximal subgroups. Our main theorem is as follows.
Theorem A. Let X and Y be groups with Y acting on the finite set Ω where |Ω |> 1. Let
W =XwrΩ Y be the wreath product of X by Y with respect to this action and let K be the
base group of W .
(i) The wreath product W has a maximal subgroup which is a complement to K if and
only if the following conditions hold:
(a) X is a non-abelian simple group,
(b) Y acts transitively on Ω ,
(c) there exists a surjective homomorphism φ :Yω → X from the stabiliser of a
point ω ∈Ω in Y to X, and
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automorphisms, then φ is not the restriction of a homomorphism H → Aut(X)
for any subgroup H of Y properly containing Yω .
(ii) Every maximal subgroup of W which complements K is the image of the homo-
morphism Φ induced from some homomorphism φ satisfying (c) and (d) and some
transversal to Yω in Y . Conversely, if conditions (a)–(d) of part (i) hold, then the
image of Φ induced from the homomorphism φ is always a maximal subgroup of W .
(iii) Let M1 and M2 be maximal subgroups of W which complement K and suppose
Mi = imΦi , where Φi is induced from φi :Yω →X for i = 1, 2. Then M1 and M2 are
conjugate in W if and only if φ1 = φ2σ for some inner automorphism σ of X.
We prove Theorem A in Sections 3 and 4. In Section 3 we show that if conditions
(a)–(d) hold, then the image of the induced homomorphism Φ is always a maximal
subgroup of W and therefore W always has a maximal subgroup which complements
the base group. In Section 4 we establish the converse, namely that if W has a maximal
subgroup which complements the base group, then conditions (a)–(d) hold. We also show
that every complement to the base group which is a maximal subgroup is the image of
some induced Φ . Finally in Section 5 we apply our results to study complements which
are maximal in a repeated wreath product XwrΓ×∆(Y wr∆Z). As a consequence, we are
able to calculate the number of conjugacy classes of complements which are maximal in
Bhattacharjee’s groups.
It should be noted that maximal subgroups of composite groups were also studied by
Kovács [6] and in his postscript he does address maximal subgroups of wreath products.
Indeed, we originally had a far more complicated and technical condition instead of
condition (d) that appears in Theorem A before we were aware of Kovács’s work. However,
the flavour of our work is considerably different to that of Kovács’s: his work is based
on extension theory, while ours relies on more elementary and explicit group theoretical
notions. This condition (d) appears quite mysterious at first sight. We show that its rôle
is to prevent our constructed subgroups from normalizing a direct product of diagonal
subgroups of the base group of the wreath product. When comparing his work to that of
Aschbacher and Scott [1], Kovács himself comments that “the approaches and expositions
differ so much that detailed reconciliation is a taxing exercise and . . . the difficulties
involved strongly suggest that both versions of the story are worth telling.” Our arguments
appear to be vastly different from both pieces of work and we echo Kovács’s sentiment
when presenting our work.
In addition, Bercov [3] and Lafuente [7] observe that any complement to the base group
of a wreath product can serve as the top group of a twisted wreath product. Although
we do not need twisted wreath products in the course of our proofs, we recommend the
reader consults Baddeley’s fundamental paper [2] where Bercov–Lafuente’s observation is
summarized and results that relate to our work are presented. In particular, our condition (d)
also appears in [2, Lemma 3.1] where he establishes when the top group of the twisted
wreath product is maximal.
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We begin by setting up the notation we shall be using and then establishing the basic
properties of the map Φ mentioned in the introduction and defined below.
The following notation will be used throughout the paper. Let X and Y be groups,
let Y act on the finite set Ω , and let W = XwrΩ Y be the wreath product of X by Y
with respect to this action. We shall assume that Ω contains more than one point to avoid
trivialities. We shall also assume that the action of Y on Ω is transitive throughout this
section. The base group of W is written as
K =
∏
α∈Ω
Xα
and we shall write π :W → Y for the natural map with kernel K . An element in K will be
denoted by a sequence of elements in X indexed by Ω , that is, (xα)α∈Ω or (xα) for brevity,
where xα ∈X for each α ∈Ω . A typical element of W will then be denoted by
(xα)α∈Ωy or (xα)y
where xα ∈X for each α ∈Ω and y ∈ Y . The conjugation action of an element y in Y on
the element (xα) of K is given by
(xα)
y = (x ′α
)
where x ′α = xαy−1 for each α ∈ Ω . We shall abbreviate this to the following shorthand:
(xα)
y = (xαy−1). Throughout our work, α will be used as a variable while we will use ω as
an arbitrary constant element in Ω . Finally, if S is a subset of X and Γ is a subset of Ω ,
write
SΓ = {(xα) | xα ∈ S if α ∈ Γ, xα = 1 otherwise
}
.
In particular, K =XΩ .
If ω ∈Ω and H is a subgroup of W , we shall write Hω for the set of elements of H that
normalize the direct factor Xω of K:
Hω =H ∩NW(Xω).
We shall view Y as being embedded in W in the canonical way. Then an element of Y
normalizes Xω if and only if it fixes the point ω in the action of Y on Ω . This justifies our
use of the notation Yω for both the stabiliser of ω and the normalizer ofXω in Y , since these
subgroups coincide. (The above notation will be used throughout Sections 2–4, but not in
Section 5 where there will be several groups acting on different sets and such a subscript
in that section will always indicate a stabiliser.)
Since Xω is a normal subgroup of K , we see that
NW(Xω)=KYω =Xω × (XwrΩ\{ω} Yω)
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decomposition
θ : (xα)y → xω
for all elements (xα)y in NW(Xω) (of course, this θ depends on ω). If H is a subgroup
of W , we shall denote the restriction of this projection to Hω by θ also. Note that θ is
simply the usual projection onto the direct factor Xω when restricted to the base group K
of W .
Let us now define our induced homomorphismΦ and then consider its properties. Given
a homomorphism φ :Yω →X and a transversal T = {tα | α ∈Ω} to Yω in Y where ωtα = α
for all α ∈Ω , we define elements hα,y in Yω by
tαy = hα,y tαy for α ∈Ω and y ∈ Y,
and then Φ :Y →W is defined by
yΦ = (hα,yφ)y.
Lemma 2.1. The map Φ is an injective homomorphism.
Proof. Since Φπ is the identity map Y → Y , certainly Φ is injective. Let y, z ∈ Y . Then
tαyz= hα,y tαyz= hα,yhαy,ztαyz,
so hα,yz = hα,yhαy,z. Thus
(yz)Φ = ((hα,yφ)(hαy,z)
)
yz= (hα,yφ)y · (hαy,zφ)yz= (hα,yφ)y · (hα,zφ)z
= (yΦ)(zΦ),
as required. ✷
As a consequence of Lemma 2.1, the image of Φ is a subgroup of W and, since Φπ is
the identity map, this image is a complement to the base group K in W . In fact, we shall
see that every complement to K in W is conjugate to the image of some such map Φ . As
written, our homomorphism Φ depends on the choice of φ and T . The effect of altering φ
is considerable, but the choice of the transversal T only affects Φ up to conjugacy as the
following lemma shows.
Lemma 2.2. Let bα be an element of Yω and t∗α = bαtα for each α ∈Ω . Define T ∗ = {t∗α |
α ∈Ω} and let Φ∗ :Y →W be the homomorphism induced from φ and T ∗. Then Φ∗ =Φβ
where β denotes conjugation by the element (bαφ)−1 of K .α∈Ω
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t∗αy = bαtαy = bαhα,ytαy = bαhα,yb−1αy t∗αy.
Hence h∗α,y = bαhα,yb−1αy for all α ∈Ω and y ∈ Y , so
yΦ∗ = ((bαφ)(hα,yφ)
(
b−1αy φ
))
y = (bαφ) · (hα,yφ)y ·
(
b−1αy φ
)y = (yΦ)(bαφ)−1 .
This establishes the claim. ✷
Proposition 2.3. Let X and Y be groups, let Y act transitively on the finite set Ω , let
W = XwrΩ Y be the wreath product of X by Y with respect to this action, and let K be
the base group of W . If L is any complement to K in W , there exists a homomorphism
φ :Yω →X, a transversal T to Yω in Y , and an element k in K such that L= (imΦ)k , the
conjugate of the image of Φ by k.
Proof. Let L be any complement to K in W . Let U = {uα | α ∈Ω} be a transversal to Yω
in Y such that ωuα = α for all α ∈Ω and assume uω = 1. Recall that π :W → Y is the
natural map with kernel K . As L is a complement to K in W , for each γ ∈Ω there exists
a unique element gγ ∈ L with gγ π = uγ . Let us write
gγ =
(
x(γ )α
)
α∈Ωuγ
where x(γ )α ∈X for all α and γ . The fact that uω = 1 forces gω = 1 and hence x(ω)α = 1 for
all α ∈Ω . Define kα = x(α)ω for each α ∈Ω and k = (kα) ∈K .
Consider the conjugate Lk−1 . We calculate
kgγ k
−1 = (kα) ·
(
x(γ )α
)
uγ ·
(
k−1α
)= (kαx(γ )α k−1αuγ
)
uγ .
Note that
kωx
(γ )
ω k
−1
ωuγ
= kωx(γ )ω k−1γ = x(ω)ω x(γ )ω
(
x(γ )ω
)−1 = 1,
since x(ω)ω = 1. Define tγ = kgγ k−1 for each γ ∈Ω . We have just shown that tγ has the
form (bα)uγ where bω = 1.
Since {gα | α ∈Ω} is a transversal to Lω in L, the set T = {tα | α ∈Ω} is a transversal
to (Lω)k
−1 in Lk−1 . Note also that
(Lω)
k−1 = (L∩NW(Xω)
)k−1 = Lk−1 ∩NW(Xω)=
(
Lk
−1)
ω
,
since k ∈ K normalizes Xω . The map π induces an isomorphism of Lk−1 onto Y under
which (Lω)k
−1 is mapped onto Yω and T π is a transversal to Yω in Y . Let χ :Y → Lk−1
be the inverse of this isomorphism. We shall construct our induced homomorphism
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θ : (Lk
−1
)ω → X is the map previously described obtained by restricting the projection
map NW(Xω)→Xω.
Let y ∈ Y and write g = yχ = (cα)y where cα ∈X for each α ∈Ω . Applying χ to the
formula defining the hα,y gives tγ g = hγ,yχ · tγy . Recall that tγ and tγy have the form
tγ = (bα)uγ and tγy =
(
b′α
)
uγy
where bω = b′ω = 1. Then
hγ,yχ = tγ gt−1γy = (bα)uγ · (cα)y · u−1γy
(
b′α
)−1 = (bαcαuγ
(
b′αz
)−1)
z
with z= uγ yu−1γy ∈ Yω . Hence
hγ,yχθ = bωcωuγ
(
b′ω
)−1 = cωuγ = cγ
for all γ ∈Ω . We have shown that
yΦ = (hα,yχθ)α∈Ω y = (cα)y = yχ.
Hence imΦ = imχ = Lk−1 and we deduce L= (imΦ)k , as required. ✷
Example 2.4. To illustrate the behaviour of conjugation with respect to our construction,
we shall consider conjugates of the top group Y in the wreath product W = XwrΩ Y .
Since Y normalizes itself, any conjugate of Y has the form Y k where k is an element of the
base group K of W . Consider such a conjugate L= Y k and suppose that we have found a
transversal T to Yω in Y and a homomorphism φ :Yω →X such that L is the image of Φ
as defined in terms of this T and φ.
Note that
Lω = L∩NW(Xω)=
(
Y ∩NW(Xω)
)k = (Yω)k
and that if k = (kα) and y ∈ Yω , then
yk = (k−1α
) · y · (kα)=
(
k−1α kαy
)
y
so (yk)θ = k−1ω kω = 1. Since Lω = YωΦ , we see that yΦθ = hω,yφ for all y ∈ Yω, by
definition of Φ . Thus hω,yφ = 1 for all y ∈ Yω . However, by definition, hω,y = tωyt−1ω for
all y ∈ Yω , so yφ = (hω,yφ)tωφ = 1 for all y ∈ Yω . This forces Φ to be the inclusion map
of Y in W in the natural way, and therefore L= imΦ = Y .
In conclusion, we deduce that the only conjugate of Y that arrives as the image of
some Φ is Y itself. This illustrates the necessity of conjugation in Proposition 2.3. As a
side comment, as one might expect from comparing Lemma 2.2 and Proposition 2.3, if φ is
surjective, the conjugation is no longer needed, as we shall see in Section 4.
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arriving via our construction, we should also establish when two complements of our form
are themselves conjugate.
Lemma 2.5. Let T and T ∗ be transversals to Yω in Y and let φ and φ∗ be homomorphisms
Yω → X. Let Φ and Φ∗ denote the homomorphisms Y → W induced from φ, T and
φ∗, T ∗, respectively. Then imΦ and imΦ∗ are conjugate in W if and only if φ∗ = φσ for
some inner automorphism σ of X.
Proof. Let L = imΦ and L∗ = imΦ∗. Suppose first that L and L∗ are conjugate in W .
We may assume that L∗ = Lk for some k ∈K . Writing k = (kα) where kα ∈X for each α,
we calculate
(yΦ)k = (k−1α
) · (hα,yφ)y · (kα)=
(
k−1α (hα,yφ)kαy
)
y,
so the condition L∗ = Lk forces yΦ∗ = (yΦ)k for all y ∈ Y . In particular, if y ∈ Yω, then
yΦ∗θ = ((yΦ)k)θ ; that is,
h∗ω,yφ∗ = k−1ω (hω,yφ)kω for all y ∈ Yω
(where h∗ω,y denotes the elements from Yω used to calculate Φ∗). Since hω,y = yt−1ω and
h∗ω,y = y(t∗ω)−1 , we deduce that
yφ∗ = (yφ)(tωφ)−1kω(t∗ωφ∗).
Thus φ∗ = φσ where σ denotes conjugation by the element (tωφ)−1kω(t∗ωφ∗).
Conversely, suppose φ∗ = φσ where σ denotes conjugation by the element x ∈X. Then
yΦ∗ = (h∗α,yφ∗
)
y = (x−1(h∗α,yφ
)
x
)
y = k−1 · (h∗α,yφ
)
y · k,
where k = (x)α∈Ω ∈K . The element (h∗α,yφ)y of W differs from yΦ in that it is the image
of y under the homomorphism induced from φ using the transversal T ∗ instead of T .
Lemma 2.2 tells us that this corresponds to conjugation by some element k′ of (imφ)Ω .
Hence yΦ∗ = (yΦ)k′k and thus L and L∗ are conjugate in W . ✷
Let us define a relation on the set of homomorphisms from Yω to X under which
φ and φ∗ are related if and only if φ∗ = φσ for some inner automorphism σ of X. This
is clearly an equivalence relation and the upshot of Proposition 2.3 and Lemma 2.5 is that
the conjugacy classes of complements to K in W are in one–one correspondence with the
equivalence classes. We state this conclusion in the following theorem.
Theorem 2.6. Let X and Y be groups, let Y act transitively on the finite set Ω , let
W = XwrΩ Y be the wreath product of X by Y with respect to this action, and let K be
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one correspondence with the equivalence classes of homomorphisms φ :Yω → X under
the relation
φ ∼ φ∗ if and only if φ∗ = φσ for some σ ∈ Inn(X).
If φ is a homomorphism from Yω to X, then the image of Φ (induced from φ and any
transversal to Yω in Y ) is a representative for the conjugacy class corresponding to the
equivalence class containing φ.
3. Proof of the Theorem: sufficiency
We now turn to the study of maximal complements and the proof of Theorem A.
In this section we shall assume conditions (a)–(d) of the theorem and prove that the
homomorphism Φ induced from the φ appearing in conditions (c)–(d) and any transversal
to Yω in Y always has its image being a maximal subgroup of the wreath product. This will
establish the sufficiency part of the theorem.
So assume conditions (a)–(d) of Theorem A and let T = {tα | α ∈Ω} be a transversal
to Yω in Y . Let Φ :Y → W be the homomorphism induced from the φ appearing in
conditions (c)–(d) and the transversal T . Let L be the image of Φ . Since L is certainly
a proper subgroup of W , there exists a maximal subgroup M of W containing L. Note that
we are free to change our choice of the transversal T at any point, since Lemma 2.2 tells
us this corresponds to replacing L and M by appropriate conjugates. Accordingly, let us
assume that tω = 1. For α ∈Ω , let θα :K →X denote the projection of K onto the direct
factor indexed by α. Let Hα = (M ∩K)θα.
First consider γ, δ ∈Ω . Note that since Y is transitive on Ω and KM =W , there exists
an element (xα)y in M such that γy = δ. Then if g ∈M ∩K , we have g(xα)y ∈M ∩K and
(
g(xα)y
)
θδ =
(
g(xα)
)
θγ = (gθγ )xγ .
It follows that all the Hα are conjugate in X. We therefore have three possibilities:
(i) Hα =X for all α ∈Ω ,
(ii) 1 <Hα <X for all α ∈Ω , or
(iii) Hα = 1 for all α ∈Ω .
The first of these situations corresponds to M normalizing a direct product of diagonal
subgroups within K , and this will be prevented by condition (d) of the theorem. The second
situation will quickly be contradicted using the surjectivity of φ (i.e., condition (c)). Finally
possibility (iii) will say that M complementsK from which it follows that L=M and L is
maximal in W , as claimed.
Note first that θω is the restriction to K of θ :NW(Xω)→X (as defined in Section 2).
Since M ∩K is a normal subgroup of M , it follows that Hω is normalized by Mωθ and
hence byLωθ . However, the definition ofΦ tells us that yΦθ = hω,yφ = (yφ)(tωφ)−1 for all
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of X forces Hω = 1 or X. Thus only (i) or (iii) above are possible.
Suppose that Hα =X for all α ∈Ω . This says that M ∩K is a subdirect product in the
base group K . Since X is a non-abelian simple group, this subdirect product is a direct
product of diagonal subgroups, say
M ∩K =D1 ×D2 × · · · ×Ds
whereΩ =Ω1∪Ω2∪· · ·∪Ωs is a partition ofΩ and each Di is a diagonal subgroup of the
direct product
∏
α∈Ωi Xα . Therefore each Di is isomorphic to X and they are the minimal
normal subgroups of M ∩K . Since M ∩K is normal in M , conjugation by elements of M
permutes theDi . AsW =KM , the action of M on theDi induces an action of Y on theΩi .
Hence {Ω1,Ω2, . . . ,Ωs} is a block system for the action of Y on Ω . Assume ω ∈Ω1 and
let H be the subgroup of Y containing Yω stabilizing a block in this block system. Then
Ω1 = ωH , the orbit of ω under the action of H .
Now HΦ is a subgroup of L which normalizes XΩ1 and hence it normalizes M ∩K ∩
XΩ1 =D1. Suppose that
D = {(xφα)α∈Ω1 | x ∈X
}
where each φα is an automorphism of X and where we may assume without loss of
generality that φω is the identity map. The projection θω of K onto the factor indexed
by ω then induces the isomorphism
(xφα)α∈Ω1 → x
of D1 onto X. The action of HΦ on D1 yields an action of H on X and hence we obtain
a homomorphism φˆ :H →Aut(X).
Let us consider the restriction of φˆ to Yω . Let y ∈ Yω and as usual write yΦ = (hα,yφ)y .
Then as yΦ fixes Xω, we have
[(
(xφα)α∈Ω1
)yΦ]
θω = xhω,yφ,
so yφˆ is the automorphism of X which is conjugation by hω,yφ. Note that hω,y = y (as
tω = 1), so we deduce that φτ is the restriction of φˆ to Yω (where τ :X→ Aut(X) is the
natural inclusion). Condition (d) then tells us that H = Yω .
It follows that |Ωi | = 1 for all i and therefore M ∩K = K . This contradicts M being
a proper subgroup of W , so we deduce that Hα =X for all α ∈Ω is not possible.
Having established that Cases (i) and (ii) cannot hold, the only possibility is that Hα = 1
for all α ∈Ω . This means that M is also a complement to K and therefore
M =M ∩LK = L(M ∩K)= L.
Hence L is indeed a maximal subgroup of W . This completes the proof of the necessity
part of the theorem.
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We now turn to the converse of what we established in Section 3. In this section we
establish that the conditions (a)–(d) are necessary for the existence of a complement to the
base group which is a maximal subgroup and that every complement which is maximal
arises as the image of a homomorphism Φ constructed by our method in terms of some
transversal to Yω in Y and a homomorphism satisfying conditions (c) and (d). Part (iii) of
the theorem then follows from Lemma 2.5.
Let X and Y be groups, let Y act on the finite set Ω where |Ω |> 1, let W =XwrΩ Y
be the wreath product of X by Y with respect to this action, and let K be the base group
of W . Suppose that M is a maximal subgroup of W which complements K .
Lemma 4.1. The group Y acts transitively on Ω .
Proof. Let ∆ be an orbit of Y on Ω . Then X∆ is a normal subgroup of W , since it is
normalized by K and by Y , and therefore X∆M =W by maximality of M . Hence
K =K ∩X∆M =X∆(K ∩M)=X∆
and therefore ∆=Ω . ✷
Lemma 4.2. The group X is non-abelian and simple.
Proof. Let N be a non-trivial normal subgroup of X. Then NΩ is a normal subgroup
of W , since it is normalized by K and by Y , and therefore NΩM = W by maximality
of M . Hence K =K ∩NΩM =NΩ , which forces N =X. Thus X is simple.
If X were abelian, the diagonal subgroup D = {(x)α∈Ω | x ∈X} would be central in W .
This gives DM =W by maximality of M and therefore K =K ∩DM =D, which would
only be possible if |Ω | = 1. This contradiction shows that X is non-abelian. ✷
Fix ω ∈Ω . Recall that Mω denotes the set of elements in M which normalize the direct
factor Xω of K and that there is a homomorphism θ :Mω →X induced by the projection
of NW(Xω) onto Xω .
Lemma 4.3. Mωθ =X.
Proof. First assume that Mω normalizes a non-trivial proper subgroup R of Xω and let
S = 〈RM 〉, the subgroup generated by all conjugates of R under the action of M . Since
Mω normalizesR, the distinct conjugates of R under the action of M lie in different factors
of K . Therefore
S =
∏
α∈Ω
Rα,
a direct product of copies Rα of R. Now as M normalizes S, we have W = SM by
maximality of M and hence K = K ∩ SM = S. However, this forces Rα = Xα for all
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normalize such a non-trivial proper subgroup of Xω .
Now consider H = Mωθ . If H = 1, then Mω centralizes Xω and, in particular, it
normalizes all non-trivial proper subgroups of Xω. If 1 < H < X, we see that Mω is
contained in Hω × (XwrΩ\{ω} Yω), where Hω is the copy of H inside Xω , and therefore
Mω normalizes Hω. In view of the previous paragraph neither situation can arise and thus
Mωθ =X. ✷
The natural map π :W → Y with kernel K maps M isomorphically onto Y in such a
way that Mω is mapped onto Yω . Let χ :Y →M be the inverse of this isomorphism. Then
φ = (χ |Yω)θ :Yω →X is a surjective homomorphism. Before we establish that this φ also
satisfies Condition (d) of the main theorem, we shall show that our maximal subgroup M
arises as the image of a homomorphism Φ constructed in terms of this φ and some
transversal T to Yω in Y . In theory this could be deduced from the proofs of Lemma 2.2
and Proposition 2.3, but extreme care would be needed to keep track of the transversals
being used. Instead, we shall prove the result directly since it seems enlightening to draw
attention to the nature of the transversal that should be used.
Define
S = {(xα)y ∈M | xω = 1
}
.
Lemma 4.4. S is a union of cosets of ker θ (where θ :Mω →X as above).
Proof. Let g = (xα)y be an element in S and h = (uα)v be an element in kerθ . Then
xω = uω = 1 and v ∈ Yω. Hence
hg = (uα)v · (xα)y = (uαxαv)vy
and in this product uωxωv = uωxω = 1. Thus (ker θ)g ⊆ S, as required. ✷
Lemma 4.5. (i) S ∩Mω = ker θ .
(ii) M =MωS.
Proof. (i) follows immediately from the definitions of S and θ .
(ii) Let g = (xα)y ∈M . Since θ :Mω →X is surjective, there exists h ∈Mω such that
hθ = xω. Thus h= (aα)b where aω = xω and b ∈ Yω . Consider h−1g:
h−1g = b−1(a−1α
) · (xα)y =
(
a−1
αb−1xαb−1
)
b−1y
and, as b fixes ω, we have a−1
ωb−1xωb−1 = a−1ω xω = 1. Thus h−1g ∈ S and g = h(h−1g) ∈
MωS. ✷
Let T be a set of representatives for the cosets of ker θ contained in S. Lemma 4.5
implies that T is a transversal to Mω in M . Applying π (which induces an isomorphism
from M onto Y ), we obtain a transversal T π to Yω in Y . We construct our homomorphism
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For α ∈Ω and y ∈ Y , we define hα,y by
(tαπ)y = hα,y(tαyπ).
Then
yΦ = (hα,yφ)y,
as usual.
Lemma 4.6. Φ = χ .
Since M = imχ , our claim that M equals the image of some induced Φ will then hold.
Proof. Let y ∈ Y and g = yχ = (xα)y where xα ∈X for each α ∈Ω . Let γ ∈Ω and write
(tγ π)y = hγ,y(tγyπ) as above. Suppose
tγ = (aα)b and tγy = (cα)d
where aα, cα ∈X, b, d ∈ Y , ωb = γ , and ωd = γy . Note that
hγ,yχ = tγ (yχ)t−1γy = (aα)b · (xα)y · d−1
(
c−1α
)= (aαxαbc−1αbyd−1
)
byd−1
and here byd−1 ∈ Yω . Hence
hγ,yφ = hγ,yχθ = aωxωbc−1ωbyd−1 = xωb = xγ
(since aω = cω = 1 as tγ , tγy ∈ T ⊆ S). Thus
yΦ = (xα)y = yχ,
and the proof is complete. ✷
To complete the proof of the necessity part of the theorem, we must show that
condition (d) holds. Accordingly, suppose that H is a subgroup of Y which contains Yω
and that φˆ :H → Aut(X) is a homomorphism such that the restriction of φˆ to Yω equals φτ
where τ :X → Inn(X) is the natural inclusion. We shall show that the existence of the
maximal subgroup M complementing K forces H = Yω .
The subgroup H yields a (possibly trivial or improper) block system
Ω =Ω1 ∪Ω2 ∪ · · · ∪Ωs
for the action of Y on Ω . Assume that ω ∈ Ω1, so that Ω1 = ωH , the orbit of H
containing ω. Since Yω also equals the stabiliser of ω in H , there exists a transversal
U = {uα | α ∈Ω1} to Yω in H such that ωuα = α for each α ∈Ω1. Let V = {v1, v2, . . . , vs}
C. Parker, M. Quick / Journal of Algebra 266 (2003) 320–337 333be a transversal to H in Y such that Ω1vi =Ωi for i = 1, 2, . . . , s and assume that v1 = 1.
Let T ∗ = {uαvi | α ∈ Ω1, 1  i  s}, which is a transversal to Yω in Y . Write t∗α for
the element of T ∗ satisfying ωt∗α = α. Then t∗α = uα for all α ∈ Ω1 since v1 = 1. Let
Φ∗ :Y → W be the homomorphism induced from φ and T ∗. Lemma 2.2 tells us that
imΦ∗ and imΦ =M are conjugate under some element of K .
For each α ∈Ω1, let ψα = uαφˆ, an automorphism of X, and let
D = {(xψ−1α
)
α∈Ω1
∣∣ x ∈X},
a diagonal subgroup of XΩ1 and which we shall view as embedded in K = XΩ in the
obvious way. Let y ∈H . Then if α ∈Ω1, we have
h∗α,y = t∗αy
(
t∗αy
)−1 = uαyu−1αy
and from this
h∗α,yφτ = hα,y φˆ =ψα
(
yφˆ
)
ψ−1αy .
Therefore, upon conjugating an element of D by yΦ∗, we find
[(
xψ−1α
)
α∈Ω1
]yΦ∗ = [(xψ−1α
)
α∈Ω1
](h∗α,y )α∈Ωy = [((xψ−1α
)h∗α,yφ)
α∈Ω1
]y
= [((x(yφˆ))ψ−1αy
)
α∈Ω1
]y = (zψ−1α
)
α∈Ω1,
where z = x(yφˆ), the image of x under the automorphism yφˆ. In particular, D is
normalized by HΦ∗. Conjugating by the appropriate element of K , we deduce that
HΦ normalizes some diagonal subgroup E of XΩ1 .
Note that {v1Φ,v2Φ, . . . , vsΦ} is a transversal to HΦ in M and that EviΦ  XΩi for
each i . Hence the conjugates EviΦ generate a direct product
F =Ev1Φ ×Ev2Φ × · · · ×EvsΦ
and this is normalized by M . Since M is maximal in W , we deduce that FM =W and
hence
XΩ1 =XΩ1 ∩FM =XΩ1 ∩ (K ∩ FM)=XΩ1 ∩ F =Ev1Φ =E.
It follows that |Ω1| = 1 and therefore H = Yω , as required. This establishes that
condition (d) must hold, which we summarize in the following lemma.
Lemma 4.7. If φτ equals the restriction of some homomorphism φˆ :H → Aut(X) where
H is a subgroup of Y containing Yω , then H = Yω .
334 C. Parker, M. Quick / Journal of Algebra 266 (2003) 320–3375. An application
As an example of the use of the main theorem, we shall calculate the exact number
of conjugacy classes of complements which are maximal in the groups considered by
Bhattacharjee [4]. Since her groups are constructed as iterated wreath products with each
one acting on a Cartesian product of sets, we shall prove the following result about the
complements which are maximal in a repeated wreath product of three groups.
Proposition 5.1. Let X, Y and Z be groups and let Y and Z act transitively on the
sets Γ and ∆, respectively. Let G = Y wr∆Z be the wreath product of Y by Z and let
G act on Γ × ∆ in the usual way. Then there is a one-to-one correspondence between
conjugacy classes of maximal subgroups of XwrΓ×∆G which complement its base group
and conjugacy classes of maximal subgroups ofXwrΓ Y which complement its base group.
Proof. Define Ω = Γ ×∆. Let W1 = XwrΩ G and W2 = XwrΓ Y . Observe first that if
γ ∈ Γ and δ ∈∆, then the stabiliser of ω= (γ, δ) in G is
Gω = Yγ × (Y wr∆\{δ}Zδ), (1)
where Yγ and Zδ are, as usual, the stabilizers of γ and δ in Y and Z, respectively. In view
of condition (a) of Theorem A, we may assume that X is a non-abelian simple group as
otherwise there are no complements in eitherW1 or W2 which are maximal and the claimed
result holds.
Consider first a surjective homomorphism ψ :Gω → X which is not the restriction
of a homomorphism J → Aut(X) for any subgroup J of G properly containing Gω. In
view of the decomposition (1), we see that Yγ ψ and (Y wr∆\{δ}Zδ)ψ are commuting
normal subgroups of X. Since X is a non-abelian simple group, it follows that precisely
one of the two is trivial and the other equals X. If Yγψ = 1, then we could define a
homomorphism ψˆ :Y × (Y wr∆\{δ}Zδ)→X to be trivial on the first factor and to coincide
with ψ on the second. Then ψ is the restriction of ψˆ to Gω , contrary to assumption.
Thus Yγψ = X and ψ|Yγ :Yγ → X is surjective. If there were to exist θ :H → Aut(X)
where Yγ < H  Y such that ψ|Yγ is the restriction of θ to Yγ , then we could define
ψˆ :H × (Y wr∆\{δ}Zδ)→X to coincide with θ on the first factor and to be trivial on the
second. Now ψ would be the restriction of ψˆ to Gω contrary to our assumption. Hence no
such θ exists and we see that ψ|Yγ satisfies conditions (c) and (d) of Theorem A.
Conversely suppose that φ :Yγ → X is a surjective homomorphism which is not
the restriction of a homomorphism H → Aut(X) for any subgroup H of Y properly
containing Yγ . Define φ∗ :Gω → X to coincide with φ on Yγ and to be trivial
on Y wr∆\{δ}Zδ . Certainly φ∗ is a surjective homomorphism. Suppose that there exists
θ :J → Aut(X) where J is a subgroup of G properly containing Gω such that φ∗ is the
restriction of θ to Gω . Let R = Y∆ be the base group of G. If J normalizes the direct
factor Y (δ) of R indexed by δ, then
J  Y (δ)× (Y wr∆\{δ}Zδ)=NG
(
Y (δ)
)
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restriction to Yγ . This contradicts the assumption on φ.
Therefore J does not normalize Y (δ), which is then conjugate via an element of J to one
of the other direct factors of R. However, each of these is contained in kerφ∗ and hence
in ker θ . As the latter is normalized by J , we see that Y (δ)θ = 1, which is contrary to the
fact that θ extends φ∗ and hence must map Yγ (contained in Y (δ)) onto X. Hence no such θ
exists and we deduce that φ∗ satisfies conditions (c) and (d) of Theorem A.
Since ψ → ψ|Yγ and φ → φ∗ are mutual inverses, we deduce that there is a one–one
correspondence between homomorphisms ψ :Gω → X satisfying conditions (c) and (d),
and homomorphisms φ :Yγ → X satisfying conditions (c) and (d). Furthermore, the
correspondence preserves the equivalence relation ∼ of Theorem 2.6. The proposition now
follows from Theorem A. ✷
Example 5.2. We shall give bounds for the number of conjugacy classes of complements
and for the number of conjugacy classes of complements which are maximal in the wreath
products considered by Bhattacharjee [4]. Let m1, m2, . . . be a sequence of integers such
that mr  5 for all r . Let Xr = Alt(mr), the alternating group of degreemr acting naturally
on Γr = {1,2, . . . ,mr}. Define W1 =X1 acting on the set Ω1 = Γ1. For r  2, recursively
define
Wr =Xr wrΩr−1 Wr−1
acting on Ωr = Γr ×Ωr−1. Since the stabiliser of ω= (γ, δ) in Wr is then isomorphic to
Alt(mr − 1)×
(
Alt(mr)wrΩr−1\{δ}(Wr−1)δ
)
,
it follows that the stabiliser (Wr )ω has the form
r∏
k=1
Alt(mr)wr Alt(mr−1)wr · · ·wr Alt(mk+1)wrAlt(mk − 1), (2)
a direct product of iterated wreath products of alternating groups. Now Bhattacharjee
constructs an explicit pair of generators for
Alt(mr)wr · · ·wr Alt(mk+1)
(where mi  5 for all i) in [4, Lemma 7], so, taking into account that Alt(mk − 1) could
be Alt(4), each direct factor in Eq. (2) can be generated by four elements. Hence
d((Wr)ω) 4r , where we write d(G) for the minimum number of generators of a groupG.
Hence the number of homomorphisms (Wr)ω →Xr+1 is bounded above by
∣∣Alt(mr+1)
∣∣4r
and we may use this as a bound for the number of conjugacy classes of complements to the
base group K in Wr+1.
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where l  12m1m2 · · ·mr − 22r−1; that is,
∣∣Alt(mr+1)
∣∣22r−1+ 12m1m2···mr .
Our bound is a considerable improvement and has the advantage that the method should
easily generalize to iterated wreath products of other non-abelian simple groups.
(In fact, a little more work will show that each factor of (2) requires only two generators
even if mk−1 = 4 for some of the k, and then we can deduce d((Wr)ω) 2r . Considerably
more care, making use of Theorem 1.4 of Dalla Volta and Lucchini [5], can in fact show
that d((Wr)ω) r whenever r  2. This theorem, however, depends on a result of Lucchini
and Menegazzo [8] and hence on the Classification of Finite Simple Groups. Since we have
bounded the number of homomorphisms (Wr)ω →Xr+1 by |Xr+1|d((Wr)ω), there seemed
little point establishing more than the fact that d((Wr)ω) is linear in r , since the exact
constant is swamped by the somewhat crude use of |Xr+1| for the number of possible
images of a generator under a homomorphism.)
We can do even better when we consider complements which are maximal. Propo-
sition 5.1 tells us that there is a one–one correspondence between conjugacy classes of
complements to the base group which are maximal in
Wr+1 =Xr+1 wrΩr (Xr wrΩr−1 Wr−1)
and those in Xr+1 wrΓr Xr . Here Xr+1 = Alt(mr+1) and Xr = Alt(mr), and the stabilizers
in the latter of points in Γr are all isomorphic to Alt(mr − 1). Theorem A tells us
that Xr+1 wrΓr Xr possesses complements to the base group which are maximal if and
only if there exist surjective homomorphisms φ : Alt(mr − 1) → Alt(mr+1) which are
not the restriction of homomorphisms Alt(mr) → Aut(Alt(mr+1)). Necessarily such a
homomorphism φ must be an isomorphism, so that mr+1 = mr − 1 and condition (d)
then follows immediately. The number of conjugacy classes of complements to the base
group which are maximal in Xr+1 wrΓr Xr then equals the number of equivalence classes
of such φ where φ ∼ φ∗ if and only if φ∗ = φσ for some σ ∈ Inn(Xr+1). It follows that the
number of equivalence classes equals |Out(Alt(mr+1))|. Hence the number of conjugacy
classes of complements to the base group which are maximal in Wr+1 is precisely equal to
0 if mr+1 =mr − 1;
2 if mr+1 =mr − 1 = 6;
4 if mr+1 =mr − 1= 6.
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